
Moment Distribution - Frames

Consider a 3 beam frame

Joints A & D are fixed.  Joint C (& B) can rotate but not deflect.

The principal deflections are due to bending, i.e. ignore 
deflections due to axial deformation of BD.
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Moment Distribution - Frames

Fixed end moments:

MFAB = 20 x 4 / 8 = 10 kN/m MFBA = -10 kN/m

MFBC = 30 x 4 / 8 = 15 kN/m MFCB = -15 kN/m

Distribution factors:

StiffnessAB = EI/L StiffnessBD = EI/L StiffnessBC = 0.75EI/L

DFBA = 1 / (1 + 1 + 0.75) = 0.364
DFBD = 1 / (1 + 1 + 0.75) = 0.364
DFBC = 0.75 / (1 + 1 + 0.75) = 0.273
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Moment Distribution - Frames

DF 10.364 0.364  0.273

A
Fixed Fixed

CB D
Pinned

MBA MBD MBCMAB MCB MDB

FEM 10 -10 15 -15
Bal 15-1.8 -1.8 -1.37

CO - 0.9- 0.9 7.5
Bal -2.7 -2.7 -2.04

CO - 1.4- 1.4

Total 7.7 - 14.5 0 -2.3-4.5 19.1

EI/L                EI/L 0.75EI/L



Moment Distribution - Frames
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Moment Distribution - Frames

L

A BA B
A BA B

Now consider … what happens if support A is allowed to sink ?
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Moment Distribution - Frames

EI = 25 x 103 kNm2

Now let’s apply a sinking support to a three-span beam
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No loads, but support D sinks by 30 mm

30mm

Fixed end moments:

MFAB = MFBA = MFBC = MFCB = 0
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-ve δ because 
rotation is 
clockwise



Moment Distribution - Frames

FEM 125 125

EI/L EI/LEI/L
DF 0 0.5 0.5 0.5 0.5 0

A                     B                           C             D
Fixed Fixed

MAB MBA MBC MDCMCB MCD

-62.5  -62.5BAL
- 31.3- 31.3CO

15.7   15.7BAL
7.87.8CO
-3.9   -3.9BAL

-2.0-2.0CO
1.0      1.0BAL

0.50.5CO
-0.3     -0.3BAL

Total 8.3           16.7   -16.6           -58.4  58.3           91.7



Moment Distribution - Frames
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Moment Distribution - Frames

….more to come



Moment Distribution - Frames
Now let’s apply a sinking support to a loaded three-span beam

EI = 20 x 103 kNm2

A B C

3m

D

2m 5m2m

Support C sinks by 4 mm

Loads on all 3 spans

W = 40kN 60kN W = 48kN

Method 1: use Principle of Superposition

Add solutions together
• analyse sinking support

• analyse loaded beams



Moment Distribution - Frames

Method 2: Add all FEMs together & analyse in one go

Now let’s apply a sinking support to a loaded three-span beam

EI = 20 x 103 kNm2

A B C

3m

D

2m 5m2m

Support C sinks by 4 mm

Loads on all 3 spans

W = 40kN 60kN W = 48kN



Moment Distribution - Frames

Fixed end moments

No settlement:

MFAB = WL/12

A B

MFAB MFBC= WL/12

= 40 X 3 /12 = 10 kNm = - MFBA



Moment Distribution - Frames

Fixed end moments

No settlement:

MFAB = WL/12 = 40 X 3 /12 = 10 kNm = - MFBA

MFBC = PL/8

B C

MFBC MFCB= PL/8

= 60 X 4 /8 = 30 kNm = - MFCB



Moment Distribution - Frames

Fixed end moments

No settlement:

MFAB = WL/12 = 40 X 3 /12 = 10 kNm = - MFBA

MFBC = PL/8 = 60 X 4 /8 = 30 kNm = - MFCB

MFCD = WL/12 = 48 X 5 /12 = 20 kNm = - MFDC

C D

MFCD MFDC= WL/12



Moment Distribution - Frames

Fixed end moments

Settlement:

B C

MDBC MDBC
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Moment Distribution - Frames

Fixed end moments

Settlement:

B C

MDBC MDBC

MDBC = -6 X 20 X 103 X (-0.004) / 42 = 30 kNm = MDCB

Same sign !!



Moment Distribution - Frames

Fixed end moments

Settlement:
MDBC = -6 X 20 X 103 X (-0.004) / 42 = 30 kNm = MDCB

C D

MDCD MDDC

2

6
L
EIM DCD
δ

−=
δ is +ve (anti-clockwise rotation of CD)



Moment Distribution - Frames

Fixed end moments

Settlement:
MDBC = -6 X 20 X 103 X (-0.004) / 42 = 30 kNm = MDCB

C D

MDCD MDDC

MDCD = -6 X 20 X 103 X (0.004) / 52 = -19.2 kNm = MDDC

Same sign !!



Moment Distribution - Frames

-2.3CO 1.3

0.75EI/L 0.75EI/LEI/LA                      B                            C           D
Pinned Pinned

0.75EI/3 0.75EI/5EI/4EI/4  0.15EI  EI/4
DF 1 0.5 0.5 0.25/0.4 10.15/0.4DF 1 0.5 0.5 0.625    0.375 10.375    

FEM -19 -1930 30
FEM 20 -2030 -3010             -10

MAB MBA MBC MDCMCB MCD

-0.6    -0.4BAL 39-10 -25   -25
19.5-0.3CO -12.5-5No c/o No c/o

-4.5    -2.6BAL 2.6     2.6

-0.8    -0.5BAL 1.2    1.2
-0.4CO 0.6

-0.3     -0.2BAL 0.2    0.2

Total 0           -36.0    36.1           -16.7    16.8             0



Moment Distribution - Frames

A B C

3m

D

2m 5m2m

W = 40kN 60kN W = 48kN

Support C sinks by 4 mm

A B C D

0

36
16.8

0
WL/8 WL/8

PL/4

Bending moment diagram



Moment Distribution - Frames

A B C D

0

36
16.8

0
WL/8 WL/8

-3 kNm 33.6 kNm 21.6 kNm

Mid-span moments (sagging +ve)

…but midspan moments are not necessarily the
maximum span moments !!

PL/4



Moment Distribution - Frames

VAB = -40/2 + 36/3

VAB = -W/2 - (MAB + MBA)/L

= -8 kN

Mspan,max @ zero shear

x = 8 / (40/3) = 0.6m

Mspan,max -8 x 0.6 + (40/3) x 0.62/2 = 0
Mspan,max = 2.4 kNm (sagging)

W = 40kN
A B

3m

MBA = -36 kNmMAB = 0

VAB VBA

0.6m

w = 40/3 kNA
Mspan,maxMBA = 0

VAB

Look at equilibrium of individual spans

MB

V=VAB+(40/3)x=0



Moment Distribution - Frames

VBC = -P/2 - (MBC + MCB)/L

60kNB C
MBC = 36 kNm

MCB = -16.7 kNm

VBC VCB

VBC = -60/2 - (36 - 16.7)/4 = - 34.8 kN

Hence zero shear @ C , x = 2L

Mspan,max - 34.8 x 2 + 36 = 0

Mspan,max =  33.6 kNm (sagging)

MC

10kNB
MBC
= 36 kNm Mspan,maxVBC

2m



Moment Distribution - Frames
W = 48kN

C D

5m

MDC = 0MCD = 16.8 kNm

VCD VDC

VCD = - W/2 - (MCD + MDC)/L
VCD = - 48/2 - 16.8/5 = -27.4 kN

Mspan,max @ zero shear

x = 27.4 / (48/5) = 2.9m

w = 48/5 kNC
Mspan,max

MCD 
= 16.8 kNm

VCD
2.9m

Mspan,max + 16.8 -27.4 x 2.9 + (48/5) x 2.92/2 = 0
Mspan,max =  22.3 kNm (sagging)

MD



Moment Distribution - Frames

-3 kNm 33.6 kNm 21.6 kNm

Mid-span moments (sagging +ve)

2.4 kNm 33.6 kNm 24.6 kNm

Maximum span moments (sagging +ve)

A B C D
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